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Abstract

Edge-betweenness centrality is a key metric in network analysis that assigns a real value to each
edge in a graph, reflecting its importance in terms of information flow or connectivity. It is par-
ticularly useful in the study of biological and social networks for identifying critical connections.
In this article, we investigate the edge-betweenness centrality of edges in several wheel-related
graphs, including the helm graph, gear graph, closed flower graph, triangulated wheel graph,
and sunflower graph. Our results provide insights into the structural properties of these graphs
and contribute to the broader understanding of edge significance in complex networks.
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1 Introduction

We considered simple, finite, undirected, and connected graphs with the vertex set V(G) and
edge set E(G). If two vertices v and v are adjacent, we write v ~ v and the edge between u and
v is denoted by uwv. The distance between two vertices u and v in a graph G, denoted by d¢(u,v),
is defined as the length of the shortest v — v path in G. In a u — v path given by P(u,v) = (u =
wi,Wwe, ..., w, = v), the edges w;w; 41, 1 < i < k — 1 are known as the internal edges of the path
P(u,v). For standard terminology and notions in graph theory, we follow the text book by [4].

In any given graph, a vertex or an edge plays a significant role. The centrality measure is
one parameter that is generally used to study the importance of a vertex/edge in a network. It
is a function that assigns a real value to the vertices/edges of a graph. Most of these centrality
measures are defined on the vertex set of the graph. One such important vertex centrality measure
is the stress centrality [10] of a vertex v in a graph G which is defined as the number of shortest
paths that pass through v. The stress centrality of vertices in the splitting graph, the shadow graph,
and the Mycielski graph of a graph are discussed in [7].

Topological indices are important because they quantitatively relate a molecule’s structure to
its physical, chemical, and biological properties, enabling prediction of behavior without exper-
imental testing. The general formula for various Zagreb indices of prime coprime graphs have
been studied in [1], where as the Sombor index of the power graph for some finite non-abelian
groups are determined in [2]. Topological indices related to stress centrality is studied in [9]. The
authors of the article [6] explored the properties of stress sum matrix which is based on stress
sum index. However, one can observe that very little attention is given to the edges, though they
play an important role in connectivity and information flow. Edge-betweenness centrality mea-
sure (EBCM) is a centrality measure that focus on the edges in a graph. The concept of EBCM was
introduced in [3], where the author called it the “rush".

Definition 1.1. (Edge-Betweenness Centrality Measure). Given a graph G and an edge e € E(G), the
EBCM of e denoted by &(e) is given by,

oe(u,v)
fo= Yy Ty,
u,’uE;/(G) ’

where o (u,v) denotes the number of shortest u — v paths in G and o.(u, v) denotes the number of shortest
w — v paths in G that contain edge e.

In the literature, the importance of the EBCM is discussed in [5]. The expression for the stress
centrality of vertices in various wheel-related graphs has been obtained in [8]. The main focus
of this article is the expressions for the EBCM of edges in various wheel-related graphs, which is
discussed in the next section.

2 Main Results

In this section, we obtain EBCM of all the edges in a few wheel-related graphs. Let G = C,
be a cycle graph with V(G) = {w1,ws,...,w,} and w; ~ wit1, w1 ~ wy,1 < i < n — 1. Then
Wy41 = G + w is called a wheel graph. The vertex w is called the central vertex of W, ;.
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Theorem 2.1. Let G = DW,, = 2C,, + K, be a double wheel graph on 2n + 1 vertices. Let V(G) =
{wr, ..., wp,w1’,...,w,, w}, where w;, w;',1 < i < n are the vertices of the cycle graph 2C,, and w be
the central vertex. Then,

2n—3, e=ww;,ww,1<i<n,
E(e) = !
2, € = WiWit1, Wiwj 1, wiWp, wiw,,1 <i<n—1.
Proof. Let e = ww;. As the diameter of G is two,

" o (w, w)) oe(w1, w;) o (w1, w;)
g — + J + e y Wg + e s Wy
(e) w Z U(wlaw/) Z U(wlij) j=4 G(w17wj)

Il

+
[~]=
—
+
[N
7N
N —
N——
+
M3

=14+n+1+n-5=2n-3.
Due to symmetry, £(ww;) = £(ww}) =2n—3,1 <i <n.
Let e = wiws,. Then,

e(wn, w2) = 1,0(wn, w2) = 2,
Ue(w17 ’LU3) = ]-7 J(wla ’LUg) = 27
O'@(’wl,wg) = a(wl,wg) =1.
Now from symmetry,
E(wiwiy1) = E(wjw ) =2,1<i<n—1,
and &(wiwy,) = E(wiw),) = 2. O
Definition 2.1. The gear graph G 41 is formed from the wheel graph W, 11 by subdividing each rim edge

wwit1,1 < i <n—1and wywy of the cycle C,, by inserting a new vertex u;, 1 < j < n. Note that the
diameter of G11 is 4.

Theorem 2.2. Let G = Gpq1 and V(G) = {w, w1, ..., Wy, u1,...,u,}. Then,

4, e € E(G), forn=3
22
3 e=ww;,1 <i<4dforn=4
16 . .
Ele)=14 7 e = wil, ujwjq1, ugwi, 1 <i<4,1 <5 <3, forn=4
60n — 131
nT, e=ww;,1 <i<nforn>5
30 41
%7 € = Willi, UjWj41,Upwi, 1 <1< 4,1 <j<n—1, forn>5
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Proof. Case 1: Let n = 3. Let e = ww;. Then,

£(e) = e(w,wy) | Oe(w,un) | de(w,us) 23: Te(w1,w)) | Te(ws,u2)

o(w,w))  o(w,u)  o(w,uz) o(wi,wy) 0wy, ug)

j=2
oc(u, w3) = oe(us, wa)

O’(ul,’wg) O'(U3,w2)

—1+1+1+2x1+2+1+1—4
T2 9 2 4 4 4 7

Due to symmetry, £(ww;) =4,1 <14 < 3.
Let e = wyuy. Then,

oe(wi,uy)  oe(wi,wz) = oe(wy,usz) oe(u17u3)+ae(ul,w3)

£le) = o(wy,uq) o (w1, ws) o(wy,usg) o(uy,us) o(uy,ws)
oe(us,we) = oe(ug,w)
o(us,wa) o(uy,w)
2 4 4 4 2

Due to symmetry, £(u,w;) = E(ujwjyr) = E(uswr) =4,1<i<3,1 <5 <2

Case 2: Let n = 4. Let e = ww;. Then,

oe(w,wr)  oe(wi,wz)  oe(wi,w2) = oe(wi,ug)  oe(wi,us)

Ele) = o(w,w) o(wy,ws) o(wy,ws) o(wy,us) o(wy,ug)
oe(wi,wy)  oe(w,uy)  oe(w,ug)  ce(ws,uy)  oe(ws,uq)
o(wy,wy) o(w,uq) o(w,uy) o(ws,uy) o(ws, ug)
oo(w2,uq) | oe(wg,u1)  oe(uz,ug)  oe(ur,uz)

o (wa, uy) o(wy, uy) o(ug, ug) o(uy,us)

_iy14igZg2z 1 122 =
- 2 3 '3 2 2 2 3 3 3 3 6 6 3

22
Due to symmetry, £(ww;) = 3 1< <4.

Let e = wyuy. Then,

Oe(wi,u1)  oc(wr,we)  oe(w,ur) oe(u17u4)+oe(w1,u2)

£e) =

o(wy,uy) o(wy,ws) o(w,uy) o(uy,uq) o(wy, ug)
oc(ws,u1) | oe(ws,u1) | oe(ur,uz) | oe(uz,us) | oc(ws,us)
0(w3,u1) U(U}4,U1) U(UlaUB) 0(“2#4) a(wg,u4)

S P I A O . P
202 3'3 3 6 6 3 3°
16 . .
Due to symmetry, £(u,w;) = E(ujwjy1) = E(uawr) = 3 1<i<4,1<5<3.

Case 3: Letn > 5. Let e = ww; . The shortest z —y paths with e as an internal edge are listed below.
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Hence,

Lete = wyu;.

Hence,

Malaysian ]. Math. Sci. 20(3): 883-907(2026) 883 - 907

Shortest path oe(z,y) | o(z,y) E(e)
w — Wy 1 1 1
w—u;,j=1,n 1 2 %XQ
wy —w;,3<j<n—1 1 1 n—3
wy —wj,j =2,n 1 2 %x?
wy —u;, 3 < j<n—2 2 2 n—4
wy —uj,j=2,n—1 2 3 2x2
U —uj,7 =3,n—1 2 ) %XQ
Up —Uj,j =2,m—2 2 5 2x2
Up —Wj,J =2,n—1 1 3 %x?
up —wj,j=3,n 1 3 3 %2
up —w;,4<j<n-—1 1 2 1x(n—4)
Up —w;,3<j<n—2 1 2 3 X (n—4)
ur—u;,4<j<n—-2 2 4 %X(n—E))
Up —u,3<j<n-—3 2 4 3 x (n—5)
E(ww;) = 607117;131,1 <i<n.
Shortest path oe(z,y) | o(z,y) E(e)
w1 — Uy, Uy — Up 1 1 2
Up — Wa, U] — W3, W] — Us 1 3 3 %3
up —w;,4<j<n-—1 1 2 1 x(n—4)
Us — Un, 1 5 :
up — ug 2 o 2
Uy — Un—1 3 5 %
uy — wy, 2 3 2
u—u;,4<ji<n-—2 2 4 %x(n—f))
w1 — W, W — Uy 1 2 2x 3
E(wpuy) = E(upwr) = E(wiu;) = E(ujwi1) = %71 <i<n-—L

O

Definition 2.2. The helm graph is denoted by H,, 1 is formed from the wheel graph W,, 11 by adding, for
each rim vertex w;, 1 <14 < n, a pendant vertex u; that is adjacent to w;. The diameter of H,, 1 is four.
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Theorem 2.3. Let G = Hpyq,and V(G) = {w, w1, ..., Wn,u1,...,u,}. Then,

2 se=ww;, 1 <i<3forn=3
4 ;€ = Wi We, WeWs3, W3wi, forn =3
? se=ww;, 1 <i<4 forn=4

E(e) = % je = wiwiy1, wiwy, 1 < i< 3, forn=4
dn—14 se=ww;,l1<i<nforn>5
8 je = Wiwiy1, wiwWp, 1 <i<n—1forn>5
2n je=wu;, 1 <i<nforn>3

Proof. Case 1: Let n = 3. Let e = ww,. Then, oe(w,w1) = o(w,w1) = de(w,u1) = o(w,uy) = 1.
Due to symmetry, £(ww;) =2,1 < i < 3.

Let e = wiws. Then,

Ue(wl,wz) Ue(wl,uz)JrUe(Ul,wz) JrUe(Ul,Uz)
o(wi,we)  o(wi,ug)  o(u,ws)  o(ur,us)
=1+1+1+1=4

E(e) =

Due to symmetry, £(wiwsz) = E(wews) = E(wzwy) = 4.

Case 2: Let n = 4. Let e = ww;. Then,

oe(w,wi) = oe(w,u) n oe(w,ws) n oe(ur,ws) n oe(ur,u3) n oe(u3, wy)
o(w,w) o(w,uq) o(wy,ws) o(uy,ws) o(uy,us) o(uz,w)
1 1 1 10

1
I o o=
titgtgtgts=3

Ele) =

1
Due to symmetry, £(ww;) = 30, 1<i<4.

Let e = wyws. Then,

Oe(wr,ws) = oe(wr,uz)  oe(ur,w2)  oe(ur,uz)  oe(wi,ws)  oe(wr,us)

Ele) =
( ) o(wr, ws) o(wr, uz) o(u1, ws) o(u1,uz) o(wy,ws) o(wy,us3)
Ue(ulawlS) Ue(uhU:s) Ue(w27w4) Ue(w2,u4) Ue(u27w4) Ue(u27U4)
o(ur,ws)  o(ui,uz)  o(wz,wy)  o(we,ug)  o(ug,wy)  o(uz,ug)

—1+LH+1+1+1+1+1+1+1+1+1—@
- 3 3 3 3 3 3 3 3 3°

Due to symmetry, £(w;w;y1) = E(wawy) = 3 1<4<3.

Case 3: Letn > 5. Let e = ww;.

Shortest path oe(z,y) | o(z,y) Ee)
w— Wi, Uy — W 1 1 2
wp — wj,w; —uj,J =3,n—1 1 2 %x4
up —wj,wy —uj,j =3,n—1 1 2 x4
U — wj,up — Uy, w; — wj,w; —u;,4<j<n—2 1 1 4(n —5)
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Hence, E(ww;) =4n — 14,1 < i < n.

Let e = wiws.

Malaysian J. Math. Sci. 20(3): 883-907(2026) 883 - 907

Shortest path oe(z,y) | o(z,y) | E(e)
W1 — W3, W1 — U3, Uy — W2, Uy — U 1 2 %x4
w1 — Uz, W1 — W2, Ul — Uz, U] — W2 1 1 4
Wy, — Wo, Wy — U, U] — W3, U] — U3 1 2 %x4
Hence, £(wjwit1) = E(ww,) =8,1 <i<n-—1.
Case 4: Letn > 3. Lete = wyuq.
n n
E(e) = 7e(u1, w) + 2 (w, w1) +Z Ze ul’w] + e(u1, )
o(uy,w) o(uy,wr) iy (w1, wj) = o(u1,uj)

:1+1+zn:1+21
=2 =2

=14+14+n—-14+n—1=2n.

Hence, E(w;u;) =2n,1 < i < n.

O

Definition 2.3. The flower graph is denoted by F'l,, 1 is formed from the wheel graph W1, by adding

the vertices {u1,ua, ..., u,} where each u;,1 < i

< n is connected to the corresponding rim vertices

w;, 1 < i < n. Additionally, each u;,1 < i < n is also connected to the central vertex w. Note that the

diameter of Fl,, 41 is 2.

Theorem 2.4. Let G = Fl, 11, V(GQ) = {w,ws, ...

U }. Then,

y Wiy, ULy« o vy

2 je=ww;, 1 <i<3, forn=3
2 ;€ = wiwe, WeWs, W3wWi, forn =3
13—0 e=ww;, 1 <i<4 forn=4
£(e) = 8 ae:wiwi+1;w’lw4»1§i§37forn:4
2n—5 je=ww;l<i<n, forn>5
3 je = WiWiy1, wiwn, 1 <i<n—1, forn>5
2 se=wu, 1 <i<n, forn>3
2n—2 je=wu;,l1 <i<n, forn>3
Proof. Case 1: Let n = 3. Let e = ww;. Then,
Oc(w,w oe(wi,u Oe(wi,u 1 1
£(e) = (w, w1) (w1, ug) (wius) 1 1
o(w,w) o(wy,ug) o(wr,us) 2 2
Due to symmetry, £(ww;) = 2,1 <13 < 3.
Let e = wiws. Then,
£(e) = Oe(wi, wa) | Oe(wz,ur) | oe(wr,ug) _ 1 LY
O'('wl,'lUQ) J(’lUQ,Ul) U(U)l,’LLQ) 2 2
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Due to symmetry, £(wiwsz) = E(wews) = E(wzwy) = 2.

Case 2: Letn = 4. Let e = ww;. Then,

oe(w, wr) n oe(wr,ws) . oe(wi, uz) n oe(wr, us) n oe(wi, ua)

Ele) =
(e) o(w,w) o(wy,ws) o(wy,ug) o(wy,us) o(wy,uq)
ST S
N 32 2 3

10
Due to symmetry, £(ww;) = 3 1<4<4.

Let e = wjws. Then,

Ue(w17w2) Ue(wl,w:s) Ue(w27w4) Ue(w17u2) I Ue(w2;u1)
o(wy, ws) o(wy,w3) o(wa, wy) o(wy, uz) o(wa,uy)
1 1 8

11
I+-4-+-+==-.
t3t3tataT3

E(e) =

Due to symmetry, £(wiws) = E(wows) = E(wswy) = E(wiwg) = §

3
Case 3: Letn > 5. Let ¢ = ww;.
Shortest path oe(z,y) | o(z,y) | E(e)
w — W 1 1 1
wy —wj,j =3,n—1 1 2 %x2
wy —w;,4<j<n—2 1 1 n—>»5
wy —uj,j=2,n 1 2 1x2
wy —u;,3<g<n—1 1 1 n—3
Hence, £(ww;) =2n—5,1 <i<n.
Let e = wiws.
Shortest path oe(z,y) | o(z,y) | E(e)
w1 — W2 1 1 1
W1 — Uy, W1 — W3, Wo — Wy, W — Uy 1 2 4><%

Hence, E(wjw;q1) = E(wiwy,) =3,1 <i<n—1.

Case 4: Let n > 3. Let e = wyuy. Then, oc(wi,u1) = o(wi,u1) = 1,0.(ur,wy) = oe(ur,ws) = 1,
o(u1,wy) = o(u1,wz) = 2. Hence, due to symmetry, &(w;u;) = 2,1 <i <n.

Let e = wuq.

Shortest path oc(z,y) | olz,y) | E(e)

w — Uy 1 1 1
UL — W2, U — Wy 1 2 QX%
up —w;,3<j<n—1 1 1 n—3
ui—u;,2<j<n 1 1 [n—l
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Hence, E(wu;) =2n— 2,1 <i<n. O

Definition 2.4. The sunflower graph, denoted as SF,, 11, is obtained from the wheel graph W,, 1 by adding
the set of new vertices {uy, ug, ..., un}, such that u; ~ w;,wiy1,1 < i <n—1and u, ~ wy,w1. The
diameter of SF, 41 is 4.

Theorem 2.5. Let G = SF,,11, V(G) = {w,wy,...,wp,u1,...,uy}. Then,

2 je=ww;, 1 <i <3, forn=3
2 je = wiwip, wiws, 1 <i <2 forn=3
z se=ww;, 1 <i<dforn=4
2—65 je = wiwiy, wiwy, 1 <7 <3, forn =4
4 je=ww;, 1 <i<5forn=>5
Ee)=<X6 je = wiwip, wiws, 1 <i <4, forn=>5
2 se=ww;, 1 <i<6, forn=6
2—30 je = wwiy1, wiwe, 1 <i <5, forn=26
% se=ww;; 1 <i<n, forn>7
% je = wWiWit1, Wiwn, 1 <i<n—1, forn>7
n §€ = UjWy, UiWig 1, Up W, Upwy, 1 < i <m—1forn>3

Proof. Case 1: Let n = 3. Let e = ww;. Then,

e(w,wn) | ge(w,ua) | oe(wus) 1 1
olw,w) o(w,u)  o(w,us) 2 2

E(e) =

Due to symmetry, £(ww;) =2,1 < ¢ < 3.

Let e = wjwsy. Then,

oc(wi,wa) = oe(wi,ug) | 0c(wa, us) 11
E(e) = + =14+_-+-=2
() o(wy,wa)  o(wi,ug) o(wsa, uz) 2 2
Due to symmetry, £(wjw;y1) = E(wiws) = 2,1 <7 <2,
Case 2: Let n = 4. Let e = wwy. Then,
oe(w,wy)  oe(w,uy)  oe(w,ug)  oe(wy,ws) 11 1 7
E(e) = =14 -4 —d=_
() o(w,wq) + o(w,uq) * o(w,uy) * o(wy,ws) * 2 + 2 i 3 3
7 .
Due to symmetry, £(ww;) = 3 1<3<4.

Let e = wiws,. Then,

5(6) Ue(wla ’lUQ) O'e(wl,U}?)) Ue(w27w4) Ue(wlaUQ) Ue(w27u4) Ue(u27u4)

o(wy,ws) o(wy,ws) o (wa, wy) o(wy,uz) o(wa, uy) o(ug, ug)
S T
B 33 2 6

Due to symmetry, £(wjw;y1) = E(wiwa) = r 1<4<3.
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Case 3: Letn = 5. Let e = wwy. Then,

5(6) _ Ue(wvwl) Je(whwl’)) Ue(w17w4) Je(wvul) Ue(w7u5)

o(w,wr) o(wy,ws) o(wy,wy) o(w,uy) o(w,us)
oo(wi,uz)  oe(ws,us) | oc(wy,ur)
o(wi,uz)  o(ws,us)  o(ws,ur)

1 1.1 1 2 1
=l4+-+s+s+s+-+-+

1
272" "2"72"4 "4 1_4

Due to symmetry, £(ww;) =4,1 < i <5.
Let e = wjws. Then,

g(e)zae(wlaw2) Ue(wlva) Ue(w1,u2) Je(w23w5) ae(w27u5)

o(wy,ws) o(wy,ws) o(wy, uz) o (wa, ws) o(wa, us)
oe(ws,ug) = Oe(wz,ug)  oe(ws,us) = oe(wy,us) n oe(u2,us)
o(ws, usz) o(wa,u4) o(ws, us) o(w,us) o(uz, us)
1 1 1 1 1 1
=14 -+1l4-+1ldt-+-+-+-+1=6.
tgtlt gl gt +1=6

Due to symmetry, £(w;w;y1) = E(wrws) = 6,1 < i <4,

Case 4: Let n = 6. Let e = ww;. Then,

£(e) = oc(w,wy) = oe(wi,wz)  oe(wi,wy) oe(wr,ws)  oe(w,uy)

o(w,w) o(w,ws) o(wy,wy) o(wy,ws) o(w,uq)
oc(w,ug)  oe(wi,uz)  oe(wi,ug)  oe(up,ug)  oelus,ug)
o(w,ug) o(wy,u3) o(w,uy) o(uy,ug) o(ug, ug)
oc(ws,u1) | oe(wg,u1) | oe(ws,ug) = 0c(wy, ug)
o(ws, uy) o(wy,uy) o(ws, ug) o(wy, ug)

—1+1+1+1+1+1+2+2+2+2+1+1+1+1—22
- 2 2 2 2 3 3 6 6 3 3 3 3 3°

22
Due to symmetry, £(ww;) = 3 1<i<6.

Let e = wiws. Then,

g(e) _ oe(wr, w2) Ue(wlaw?J) Ue(w2au6) oe(wr, uz) Ue(w2;w6)

O'(U/l,wg) U(wlaw3) U('ZUQ,UG) U(w17u2) O'(U)Q,'lUﬁ)
oe(wy,ug) oc(us, ug) = 0e(uz,us) = oe(ws,uz) = 0e(wsz,us)
+ +
o(wi,uz) o(us,ue) o(uz,ug) o(wg, uz) o(w2,us)
Ue(w3au6) Ue(u27u5)
o(ws, ug) o(ug,us)
—1+1+1+1+1+1+1+1+1+1+1+1—@
N 2 2 3 6 33 3 6 3

20
Due to symmetry, £(w;w;41) = E(wrwe) = ?’1 <4 <5.

Case 5: Letn > 7. Let e = ww;.
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Shortest path oe(x,y) | olx,y) E(e)
w — Wy 1 1 1
w—u;,j=1,n 1 2 %XQ
wy —wj,4<j<n—2 1 1 n—>5
wy —wj,j =3,n—1 1 2 %x?
wy —u;,4<j<n—3 2 2 n—=06
wy —uj,j=3,n —2 2 3 2x2
up —uj,J =4,n—2 2 5 %XQ
Up —uj,j =3,n—3 2 5 2x2
up —w;,5<j<n—2 1 2 %x(n—6)
up —w;,j=4,n—1 1 3 3 %2
Uy —w;,4<j<n-—3 1 2 %x(nffi)
Up —Wwj,j =3,n—2 1 3 3 %2
ur—u;,5<j<n—-3 2 4 %X(n—?)
Up —u;,4<j<n—4 1 2 %x(n—?)
Hence, £(ww;) = 607117—525171 <i<n.
Let e = wiws.
Shortest path oe(z,y) | o(z,y) | E(e)
W1 — Wa, W1 — U, Wy — Up, Uz — Uy 1 1 4
w1 — W3, Wg — Wy, 1 2 %XZ
Wo — Up—1, W3 — Up, W] — U3, Wy, — U 1 3 %x4
Uy — Up—1,U3 — Unp 1 5 %x 2

101
Hence, £(wiw;1) = E(wiwy,) = 1—5,1 <i<n-—1.

Case 6: Letn > 3. Lete = wyuq.
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Shortest path oc(z,y) | o(z,y) £(e)

W1 — UL, Wy — UL, UL — Up, U] — Up—1 1 1 4
w— uy 1 2 i
W1 — U 2 3 3

u —w;,5<j<n—2 1 2 %x(n—fi)
Uy — Ug 2 5 %
Uy — Un—2 3 5 %

u —u;,5<ji<n-3 2 4 %x(n77)
Uy —wy 1 3 3

Hence, &(wiu;) = E(ujwjt1) = E(upwr) =n, 1 <i<n,1<j<n-—1L =

Definition 2.5. The triangulated wheel graph TW, 1 is obtained by combining a wheel graph W,,14
with V(Wy41) = {w, w1, we,...,w,} with a set of new vertices {uy,us,...,u,} such that a vertex
u; ~ Wi, Wi, w for 1 <4 < n—1and the vertex u, ~ wy,wy,w. Note that the diameter of TW,,y1 is 2.

Theorem 2.6. Let G =TW,11,and V(G) = {w, w1, ..., wp, u1,us2, ..., u,}. Then,

% re=ww;, 1 <1<3
7 .
. £ ose=wu;,1<i<3
ifn=3 ge={3 iCTwwlisis
T se=wiwiyr, 1 <i <2, and wiws
11 .
T e =wiu, wip1u;, 1 < i < 2and waug, uzw
% e =ww;, 1 <1<4
. 4 e=wu;,1<1<4
ifn=4, &)= 8 ’ v .
5 e =wiwip,wiwg, 1 <0 <3
2 e =wily, Wip1U;, 1 < i< 3and wyug, ugw
2(n—3) je=ww;,1<i<n
. 2ln—2) se=wu;,1 <1 <n
ifn>5 &Ele)= ( ) Ve
3 je = wiwir1, 1 <i<n-—1, and wywy,
2 j€ = Willy, Wip1Ui, 1 <1 <n— 1 and wply,, U,w;

Proof. Case 1: Let n = 3. Let e = ww;. Then,

Ue(wawl) Ue(wl,uz) 1 4
E(e) = =14+=-=—.
(e) o(w,wy) + o(wy, uz) + 3 3
4 )
Due to symmetry, £(ww;) = 3 1<4<3.
Let e = wu;. Then,
oc(w,ur)  oe(ur,ug)  oe(ws,ur)  oe(ur,us) 1 1 1 7
E(e) = iyl LT
(e) o(w,uy) + o(uy,us) + o(ws,uq) + o(uy,us) + 2 + 3 + 2 3
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Due to symmetry, £(wu;) = g, 1<i<3.
Let e = wyws. Then,
oe(wy,ws)  oe(wi,ug)  oe(wy,usz) 1 1 5
E(e) = — 1+ ==
(6) O'(’wl,'lUQ) + J(wl,u2) + U(U)Q,U;j) + 3 + 3 3
5
Due to symmetry, £(w;wit1) = E(wrws) = 3 1< <2
Let e = wyuy. Then,
£(e) = ge(wi,w1) | Oe(ur,us) | oelur,ws) _ o PR
o(wy,u1) o(uy,us) o(uy,ws) 2 3 6
11

Due to Symmetry, 5(wiui) = 5(w¢+1ui) = 5(11)3’&3) = 5(11,3101) = E, 1 <1< 2.
Case 2: Let n = 4. Let e = ww;. Then,

£(e) = Oe(w,w1)  Oe(wr,ws)  Oc(wi,ug) = oe(wi,ug) L S
o(w,wy)  o(wi,ws)  olwi,ug)  o(w,us) 3 2 2 3
7
Due to symmetry, £(ww;) = §’1 <4 <A4.

Let e = wuy. Then,

oe(w,u1)  oe(ur,uz)  oe(ur,uz) oe(ur,us) = oe(ur,wz)  oe(ur,ws)

Ele) =
(e) o(w,uy) o(uy,us) o(uy,us) o(uy,ug) o(uy,ws) o(uy,wy)
1 1 1 1

Due to symmetry, £(wu;) =4,1 <i < 4.

Let wiws. Then,

Ue(wlaw2) Uc(wl>w3) UC(thz) Uc(w27w4) + Uc(w2>u4)
o(wy,ws) o(wy, ws) o(wy,uz) o(wa, wy) o(wa, uy)
1 1 1 1 8

+3+2+3+2 3

E(e) =

8
Due to symmetry, E(wjw;11) = E(wiws) = 3’ 1<i<3.
Let e = wiu;. Then,

Ue(wlaul) + Ue(ulau4) + Je(u17w4) _
o(wy,uy) o(uy, uy) o(ur,wy)

E(e) =
Due to symmetry &(w;u;) = E(wit1u;) = E(waug) = E(ugwy) = 2,1 < < 3.

Case 3: Letn > 5. Let e = ww;.

Shortest path oe(z,y) | o(z,y) | E(e)
w — Wy 1 1 1
wy —wj,4<j<n—-2 1 1 n—>5
wy —u;,3 <7 <n—2 1 1 n—4
W1 — W3, W] — Wp—1, W] — U2, W] — Up_1 1 2 4 x %
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Hence, E(ww;) =2(n—3),1 <i<n.

Let e = wyws.

Shortest path oe(x,y) | o(z,y) | E(e)
w1 — W2 1 1 1
w1 — W3, W1 — Uz, W — Wy, W2 — Up 1 2 4><%

Hence, £(wjw;y1) = E(wiw,) =3,1 <i<n—1.
Let e = wiu;. Observe that

Ue(wl7u1): (w17u1):17

g
Ue(“lvun) = Ue(ulawn) = ]-a
g

Hence, £(w;u;) = E(wit1u;) = E(upwy) = E(upwy) =2,1<i<n—1.

Let e = wuq.

Shortest path oe(z,y) | o(z,y) | E(e)
w — Uy 1 1 1
up —u;,3<j<n—1 1 1 n—3
up —uj,j =2,n 1 2 2><%
u —w;,4<j<n-1 1 1 n—4
U —wj,j =3,n 1 2 2><%
Hence, E(wu;) =2(n —2),1 <i < n. O

Definition 2.6. The closed flower graph, C'F, is formed by combining a cycle C,, with V(C,) =
{w1, wa, w3, ..., w,} and a star graph K ,, with V(K1 ,,) = {uo, w1, u2,us, ..., u,}, such that vertex
Uy ~ Wi, U ~ Wiy With 1 <4 <n —1and u, ~ wy, Uy, ~ w,. The diameter of C'F,, is 4.

Theorem 2.7. Let G = CF,,and V(G) = {w1, ..., Wn,uo,u1, ..., u,}. Then,

;€ =1uou;, 1 <9< 3

N W

ifn=23, je = wiwit, wws, 1 <i <2 )

[][S

€ = Will, ;Wi 1, Usws, ugwy, 1 < i <2

W =

;€ = Willy, UjWiy1, UgWy, Ugwr, 1 < <3

e =1upl;, 1 <1<5

ifn=>35, je = wiwiy1, wiws, 1 <1 <4 ;

5(6){
e =ugu, 1 <i<4
ifn=4, &)= ;€ = Wwiw;y1, w1wge, 1 <1< 3 )
e<e>{

[N]EN B> I e))

€= wiui,uiwi+1,u5w5,u5w1,1 S ) S 4
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ifn=206,

= ol5ulg

ifn="1,

ifn=2_§,

wlz S wls Ve wlR g

152

10n—27
10
60n—251
15

ifn>9, Ele)=

e = wiwi+1,w1w6,l S ) é 5
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;€ =ugu;, 1 <91 <6

)

€= Wiy, U Wiy 1, UeWe, UgW1, 1 <1< D

je=ugu;, 1 <t <7

;e:wiwi+17w1w771§i§6 )
€ = Wiy, UWiy1, Urwr, urwi, 1 <1 <6
e =ugui, 1 <1<8

;e = wiwig1, wiws, 1 <t <7 )
;€ = Wiy, UjWi41, UgWg, ugwy, 1 <1 <7
je = WiWit1, Wpowi,1 <1 <n—1

;€ = Willy, U Wit 1, UpWn, Upwi, 1 <4 <n—1.

e =ugui, 1 <1 <n

Proof. Case 1: Let n = 3. Let e = uguy. Then,

2 3
g UO,Ul Ue anwl Ge(ulauz)
Ele) = = _—
(e) 'LLO,Ul i ; g u07wl * ,Lz:; (T(U,l,uz)
1 1
+ 2 X 3 +2x 3
Hence, E(upu;) = 3,1 <i < 3.
Let e = wiws. Then,
Ele) = oe(wi,w2)  oe(wa,uz) = oe(wi,uz) :1+1+1:2'
o(wy,ws) o(wa,us) o(wy, ug) 2 2
Hence, E(winl) = E(wlwg) = 2, 1 <1< 2.
Let e = wyu;. Then,
Oe(wr,u oe(wi,u Te(Ur,u Oe(uy,w 1 1 1 5
E(e) = (wy,u1) (w1, uo) (uq 3)+ (us 3):14_7_*_7_1_7:7_
o(wl,ul) O'(U.)l,UO) O'(Ul,U3) (T(ul,’(U3) 2 2 2 2
5
Hence, 5(ulw,) = E(uiwiﬂ) = E(U3w3) = 5(u3w1) = 5 1 S < 2.
Case 2: Let n = 4. Let e = uguy. Then,
5(6) _ Ue(anul + Z O¢ anwj) 06(“1;“2) + Ue(ulvuél) Ue(uhuffo)
o(ug, u1) o(ug,wj)  olui,uz)  olur,ug)  o(ur,uz)
1 1 1
+ 5 X 2+ 5 + 5 +
Hence, E(upu;) = 4,1 <i < 4.
Let e = wjws. Then,
g(e) _ Ue(wlaw2) O'g(’LU1,’UJ3) U@(wl,UQ) O'e(UJQ,U4) O'e(wg,UJ4)
o(wy,ws) o(w,ws) o(w,ug) o(wa, uy) o(wa,wy)

1 1
=1+-+1+1+-=4

2 2
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Hence, £(wjw;y1) = E(wawy) = 4,1 <i < 3.

Let e = wyuy. Then,
oe(ur,ws)  oc(ug,wr)

_ oe(wi,uy) | oe(ur,ug)
Ee) =
J(wl,ul) 0'(7.L1,U4) a(ul,w4) O'(U(),’U.)l)
1 1
=14+-+1+-=3.
to 45 =3
Hence, 5(w7u1) = €(uiw,;+1) = 5(w4U4) = 5(U4U)1) = 3, 1 S 1< 3
Case 3: Letn = 5. Let e = uguy. Then,
oe(u1,uj) n oc(uy, us) | oe(uy,us)

2 4
oe(u1,up) oe(ug, w;)
+Z +JZ:; a(ul,uj) o(uy,us) o(uy,uz)

Ele) =
( ) o(ul,uo) =1 O'(Uo,wj)
Ue(ul,w4) Ue(w2,u4) Uc(wlau3)
o(up,ws)  o(wi,ug)  o(wi,us3)
R P Y UL I I U I
N 2 2 2 4 4 4
Hence, E(ugu;) = 6,1 < i < 5.
Let e = wiws. Then,
- > Ue(w1,wj) Ue(wlau2) Ue(w27u5) Ue(wz,w5) Je(wlaui’:)
Ele)=>_ +
= o(wr,w;) o(wy,uz) o(wa, us) o (wa, ws) o(wy,u3)
oc(wa,ug) | oe(ws,uz) | oe(ws,us)
a(w37u5) ’

o(wsg, uy) o(ws, usg
1

)
—2+1+1+1+7+1+1+7—6
B 4 4 4 4
6

Due to symmetry, £(w;w;41) = E(wswr) = 6,1 < <4,

Let e = wyuy. Then,
E(e)zge(whm) Je(whuo) Ue(ulaUS) Ue(u17w5) Ue(u1,w4) Je(wlauli)
o(wi,ur)  o(wi,ug)  o(u,us)  o(u,ws)  o(u,wy)  o(wi,ug)
IR SO S
N 2 2 4 4 2
7 .
ZE(U5W5)=€(U5U}1)=§,1SZS4

Hence, E(wiui) = 5(uiwi+1)

Case 4: Let n = 6. Let e = ugu;. Then,
oc(ur,ug) = oc(ur, us)

2 5
_ 0e(ug,up) ae(uo, w;) oe(ur,uj;)
+Z +Z a(uhuj) U(ul,UG) J(ul,u2)

> g (U w) 4 (o ’LU U4 > ag w Ui
2 : e\u1, Wy § : e OelW1, Uy) 2 : e\W2, _]
o(wi,u;) o(wa,u;)

= O'(Ul,’ll}j) = =
—1+1x2+3+ +1+2><2—|— X 2+ ><2—26
N 2 2 23 3 3 37
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2
Hence, £(ugu;) = ;, 1<i<6.

Let e = wiyws. Then,

3
oe(wy,w oe(wy,w oe(wa, w oe(wa,w oo(wr,u
5(:2(1])+(14) (w2,we) | Oe(wa,ws) | oe(ws, )

= o(wy,wj) o(wy,wy) o (wa, we) o(wa, ws) o(wy,uz)

+oe(wz,u6) Oe(wa,us)  oc(ws,ug) = oc(ws, uz) Je(w1,u3)+ae(w3,w6)

o(wa,us)  o(wa,us)  o(ws,ug)  o(ws,uz)  o(wi,uz)  o(ws,we)
—2+1+1+1+1+1+1+1+1+1+1f47
- 2 2 3 '3 3 3 2 6°
47

Due to symmetry, £(wjw;41) = £(wew1) = 3 1<i<5.

Let e = wiuy. Then,

oc(wi,u1)  oe(ur,ug) = oe(ur,wg)  oe(wy,ug) 40(w u;)  oe(ws,uy)
8(6): e 1al+ e 176+ e 176+ e 1;0+Ze 17]+ e\W5, U1
o(wi,uy) o(ur,ue) o(u1,we) o(wi, ug) iz o(wi,uj) o(ws,uy)
1 1 1 1
tytltg g X2t
Hence, S(wzuz) = E(inHl) = 5(’11,611)6) = 5(’11,611)1) = 4, 1 < 1 < 5.
Case 5: Let n = 7. Let ¢ = uguy. Then,
6
oe(ug,u oe(ur,u aeu,u oe(ur,u oe(ur,w oe(ur,w
Ele) = 10+Z 13 (12)+(17)+(1 4)+(1 5)
o(u,uo) = (u1,uj) o(ur,usz) o(ur,ur) o(u1,wy) o(u1,ws)
oe(ur,w 2cruw oe(wa,ug)  oe(wr,us)  oe(wi,ug) = oe(wr,us)
+5176+ZeOaJ 8276+6175+€174+6173
o(u1,ws) oo (wo,w;)  o(wa,ug)  o(wi,us)  o(wi,ug)  o(wi,ug)
oc(w2,us) | oc(w2,uy)
G(w2;u5) (’lUQ,U4)
g4 iz 2 bt 1l %
N 2 2 3 32 3 3 2 3 2 3 3°

Hence, &(ugu;) = 3—35, 1<i<T.
Let e = wiws. Then,

£ 740e(’w1,wj) 7Ue(w2,wj) Ue(wla'UQ) Ue(w17u3) Ue(wQ»UG)
()= L 4% - + +

= o(wy,wj) o(wa,wj)  o(wi,ug)  o(wi,uz)  o(wa, ue)
oe(wa,ur) | oe(ws,ur)  oe(ws,wr) oe(wr, us)
o(wa,ur)  o(ws,ur)  o(ws,wr)  o(wr,uz)
1 1 1 1 28
=3+241 4+l totldo =
2+l gt bl g tlbg =1

28
Hence, S(wiwiﬂ) = 5('[1]711.)1) = ?’ 1<1<6.
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Let e = wyuy. Then,

oe(wr,u1) = oe(wy,ug)  oe(wr,ur) = oe(wg, ur) n oe(uz,uy)
o(wy,uy) o (w1, up) o(wr,uq) o(we,uy) o(ur,uy)
oc(wi,ug)  oe(wr,ug)  oe(wi,us)
o(wy,uz)  o(wy,uq) o(wy,us)
SR TE NS RN ]
2 3 2 3 2 3 2
9
2

E(e) =

Hence, E(wiui) = E(iniﬂ) = 5(u7w7) = 5(u7w1) = 1 < ) < 6.

)

Case 6: Let n = 8. Let e = ugu;. Then,

7 6 6 5
£le) = oe(ur, uj) n Oe ul,wj uo,wj oe(wa, uj) N oe(wr,uj)
Z ; ],225 o(u1,w; Z o (ug, w; ]225 o ; 32:4 o(wi,uy)

=3 o(u1,uy) -1 (w2, u;)

Ge(u17u2) Ue(ul7u8) O’e(Ul,wO Ue(“la“’?) oe(U7,w2) Ue(wz,u4)

o(uy,us) o(uy,us) o(uy,wy) o(uy,wr) o(ur, ws) o(wa, uy)
Ue(wmwe) Ue(w17w5) Je(w1;u3) Ue(thG) Ue(u07u1)
o(wa, we) o(wy, ws) o(wy,us) o(wy, ug) o(ug,u1)
St 2tix2tixarixoripi 2y 2 b 2 2 1y
2 2 2 2 2 3 3 3 3 6 6 3 3
46
=3

46
Hence, £(ugu;) = ?’1 < <8.

Let e = wywsq. Then,

4 8
Zae (w1, w;) de(w%w]’) oe(wi,ws) = oc(wa,ws) — 0c(wa,us)
)

Py (w1, w; = o(wz, w;) o(wy,ws) o(wse, we) o(wa, ug)
n oc(wa,ur) | oe(wi,ug)  oe(ws,ws) | oc(ws,ug) = oe(ws, u2)
O'('U)Q,'UJ) U(w17u3> J(w37w8) O'(’LU3,'U/8) U(w87u2)
oc(w3,wy) = oc(ws,wy) | oe(wri,uz)
o(ws,wr) — o(ws,ws)  o(wi,uz)
1 1 1 1 1 1 1 1
=34+24+-=-4+=-4+1+-4+-4+1+-4+-4+=-+=-+1=10.
+2 ettt gt tlb gttt

Hence, S(wiwiﬂ) = 5(’(1)811)1) = 10,1 < ) < 7.

Let e = wyuy. Then,

oe(wi,u1)  oe(wi,ug)  oe(wr,us) 5o(w u;)  oe(wy,ug)
g(e) — [ 1, W1 e 1, w0 e 1, U3 Z [ 1, Wy + e 1, U6
a(wl,ul) O'(’wl,'LLO) O'(’LUl,US) =1 U(U)l,u]‘) 0'('101,’&6)

Je(“l;US) Ue(ulaw8) Ue(u17w7) Ue(w17w5)

o(uy,us) o(uy,ws) o(uy,wr) o(wy,ws)
il L by 1,2 16
N 2 3 2 32 3 6 3
16

Hence, S(wiui) = E(in,url) = 8(u8w8) = 8(USU)1) = E, 1 < ) < 7.
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Case7: Letn > 9. Let e = uguy.
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Shortest path oe(z,y) | o(x,y) E(e)
Uy — UL 1 1 1
Uy — W1, Uy — Wa, U] — U2, U] — U 1 2 %xél
U —ui, 3<1<n—1 1 1 n—3
U —w;, <1 <n—2 2 2 n—=~6
UL — Wy, U] — Wy_1 2 3 %x?
wo —u;, b <i<n—2 1 2 %x(n—6)
wy —uj,4<j<n-—3 1 2 1 x(n—6)
Wo — Ug, W2 — Up—1, W] — U3, W] — Up_2 1 3 % X 4
Wo — Wg, Wy — Wyp—_9, W] — Ws, W] — Wy_3 2 5 % X 4
wy —w;, 7T<i<n-—3 1 2 %x(an)
w; —w;,6<i<n-—4 1 2 %x(n—Q)
Hence, & (ugu;) = 92=21 1 < i < n.
Let e = wyws.
Shortest path oe(z,y) | o(z,y) | E(e)
wy —w;,2<i <4 1 1 1x3
W1 — U3, Wy — U2, Wy — Up—1, W3 — Uy 3 % X 4
W1 — Wy, Wo — Wp—9, W3 — Wp_1,Wq — Wy 1 5 %xﬁl
wo —wj,t =n,n — 1 1 1 1x2
W3 — Wp, W2 — Up, W1 — U2 1 1 1x3
Hence, &(wijwiy1) = E(wpwy) = 22,1 <i<n—1.
Lete = wyuq.
Shortest path oe(z,y) | olx,y) Ee)
W1 — Uy, Wy, — U 1 1 1x2
wy —u;,4<i<n—3 1 2 7 % (n—6)
w; —w;,6<i<n—4 1 2 ix(n-9)
w1 — Wy, W1 — Wp—3 2 5 % X 2
W1 — U3, W, — Up—2, U] — Wn_1 1 3 % X 3
w1 — Ug, U — Up 1 2 %x?
Hence, £(wiu;) = E(wip1u;) = E(wpuy) = E(wiu,) = 22520 1 < i <n—1. O
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Definition 2.7. The double crown-wheel graph, DCW,, is constructed from the wheel graph Wy, 1 with

V(Wht1) = {w, w1, we,ws, ..., wy,} by adding two distinct vertex sets.
1. The first set is {u1,ua, us, ..., Up}, And w; ~ w;, u; ~ Wi for 1 < i < n —1, and u, ~ wr,
Up ~ W,
2. The second set is {v1,v2,Vs3,...,Un}, and v; ~ w;, v; ~ Wiy, for 1 <i <n—1,and v, ~ wy,

vy, ~ wy,. Note that the diameter of DCW,, is 4.
Theorem 2.8. Let G = DCW,,,and V(G) = {w, w1, ..., Wn, U1,y ..., Upn,V1,...,Vp}. Then,

ifn=3,

3 je=ww;,1<i<3
5(6): . 9
3 je=wwit,wiws, 1 <1<2

10 .
) = se=ww;,l1<i<4
ifn=4, El)=13 R R
5 je = WiWip1,wiwye, 1 <1< 3

ifn=5 &E(e)=

6 se=ww;,1<i<5)
12 ;e =wwip1, wiws, 1 <i<4’

. 13 ;e=ww;, 1 <1<6
ifn=6 &E(e)= k == _ ;
14 e =wiwit1,wiwe, 1 <1 <5H
135n—619 .
. 22RER2E e =ww;, 1 <1< n
ifn>7 &) =19 ,,," ’ e =r = ) ,
15 je = WiWit1,W1Wp,1 <1 <n—1
) 3n )
ifn>3, £(e) = - if € = Wik, UgWi 41, Wiy, Vi g1, Un W, Un W1, Vp Wy, Vpwi, 1 <4 <n— 1.

Proof. Case 1: Let n = 3. Let e = ww; . Then,

£(e) = oc(w,wy) = oe(w,vr) n oe(w,v3) N oe(w,uy) n oe(w,us)

o(w,wy) o(w,vy) o(w,vs) o(w,uq) o(w,ug)

—1+1+1+1+1—3
T2 922 27 T

Hence, £(ww;) = 3,1 <i < 3.

Let e = wiws. Then,

£le) = Te(wi,wa) | Te(wn,vs) | Te(wa,uz) | oe(wi,uz) | Telws, va)

o(wi,wz)  o(wa,v3)  olwe,uz)  olwi,ug)  o(w,ve)
—1+1+1+1+1f3
o 2 2 2 2 7

Hence, E(wiwiﬂ) = 5(’(1)3’101) = 3, 1 < ) < 2.

Case 2: Let n = 4. Let e = ww;. Then,

£(e) = oe(w,wy)  oe(wi,ws) oce(w,uy) oe(w,vr) n Oe(w,ug) n Oe(w,vg)
o(w,wy) o(wy,ws)  o(w,uy) o(w,v) o(w,ug)  o(w,vy)
o111 1110
=ltg+stztyts=7g-
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Hence, £(ww;) = 30, 1<i<4.

Let e = wiyws. Then,
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£(e) = Oe(wr,wa) | Oe(wi,ug) | Oe(wi,v2) | Oe(Wa ) | Oc(ws,va) | Te(wz, ws)
o(wy,ws) o(wy,ug) o(wy, v9) o(ws, uy) o(wa, vy) o(wa,wy)
O'e(W1,w3) 0’6(“‘2’“4) O'e('U,4,'UQ) Ue(U4,U2) 0'6(1]2,1)4)
O’(’wl,w3) O'(UQ,U4) U(’U,47’UQ) J(U4,U2) 0’(7)2,7}4)
SIS IFIEIE R P R
B 33 2 2 2 2 3°
23 .
Hence, S(wiwiﬂ) = €(w4w1) = 3, 1 <1< 3.
Case 3: Letn = 5. Let e = ww;. Then,
4
erw oe(wy,w;) ae w,u oe(w,u oe(w,v oe(w,v
£e) = % 1) +Z 1 J (w, u1) (w, us) (w, v1) (w, vs)
(w, wy) = (w1, wy) J(w,ul) o(w,us) o(w,v) o(w,vs)
Ue(w37u5) + Ue(w&vs) Ue(w47U1) Ue(w4,111) Ue(wlvu3) Ue(wlavi‘))
o(ws,us) o(ws,vs) o(wy,uy) o(wyg,v7) o(wy,us) o(wy,v3)
R SR U DU I U
N 2 22 2 2 4 4 44 4 7
Hence, £(ww;) = 6,1 <7 <5.
Let ¢ = wyws. Then,
£le) = Oe(wr,wa) | oc(wi,wg) | Te(wa,ws)  Te(wr,u)  Oe(wi,v2) | Te(wz,us)
o(wy,wz) o(wy,ws) o (w2, ws) o(wy,us2) o(wy,vz) o(wa, us)
n oc(wa,v5) | oc(wi,uz) | oc(wi,vz) | oc(wa,us) | oe(wa,va) | 0c(us, uz)
o(wa,vs) o(w1,us) o (w1, vs) o(wa, uq) o(wa, vy) o(us,usz)
Ue(’UEnuZ) Ue(u57v2) 06(“57”2) O'e(U}5,U2) Je(w5av2) 0’6(’UJ3,U5)
o(vs,usz) o(us,v2) o(vs, v2) o(ws, ug) o(ws,vs) o(ws, us)
oe(ws, vs)
o(ws,vs)

1 1 1 1

1 1 1

1 1
=3 =R R IS R T I St g S g [ [ o 1 N [ e St g Hn
SRR R R R e R R b

2 4 4 4

=12.

Hence, £(w;w;t1) =
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Case 4: Let n = 6. Let e = ww;. Then,

4 4 4 4
Oel(w,w aew,u er,v aeu,w Uev,w
£ = T 2 S+ S 2 Sl + 3 e

o(w,wr) o(wi,u;) = (w1,v5) = (ug, wy) = (ve, wj)

5
oe(ur, w;) oe(vi,w;)  oe(us,ug) oe(vs,ug)  oe(vs,uz)  oe(vg,v3)
+§: ) 2: - - - -

ity (u1, w; ) o(vi,w;) o (us, ug) o(v3, ug) o (ve, u3) o (ve, v3)
I Oc(ua,u1)  0e(ua,v1)  Oe(va,ur)  oel(va,v1)  oe(w,ug) = oe(w,vg)
(U4,U1) (u4avl) (U47'U/1) (7}4,'[}1) (w,UG) (wuvﬁ)
Je(waul) Ue(wﬂh) Je(w17w5) Ue(w17w4) Je(w17w3)
o(w,uy) o(w,vy) o(wy,ws) o(wy,wy) o(wy,ws)’
2 2 1 1 1 1 2 2 2 2 2
=14+ -X24=-X24+-X24+=-X24+=-X24 X2+ —-+—-4+—-4+—-+—
+3>< +3>< +3>< +3>< +3>< +3>< +6+6+6+6+6

+2+2+2+1+1+1+1+1+1+1—B
6 6 6 2 2 2 2 2 2 7

Hence, E(ww;) = 13,1 <i <5.

Let e = wiws. Then,

£(e) = oc(wi,wa)  oe(wi,ws) oe(wi,ug)  oe(wi,ve)  oc(wa,ug)  oe(ws,vg)
o(wy,wy)  o(wp,ws)  o(wi,ue)  o(wy,vy)  ol(wa,ug)  o(ws,vs)

oc(wo,ws)  oec(wi,ug)  oe(wr,vs)  oe(wa,us)  oe(uz,us)  oe(uz,vs)
o(ws, we) o(wy,uz)  o(wy,vy)  o(ws,us) o(ug,us) o(ug,vs)
oc(va,us)  0c(ve,v5)  oe(ug,uz)  oe(us,v3)  oe(vs,us) = oe(vs,vs)
o(va, us) o(vg, vs5) o(ug,us)  o(ug,vs)  o(ve,u3) o(vg, v3)
oc(ug,uz) | oec(ue,v2) | oe(ve, u2) Ue(vﬁ,’vz)_Jr oe(ug, w3) +_Ok(vﬁaUB)
U(UG,’LLQ) 0’(’11,6,7}2) O’(’U67’U42) O’(’UG,’UQ) O'(UG,UIS) U(’U(;,wg)
oc(we,uz) | oe(we,v2) | 0c(wa,vs)
o(weg, uz) o (we, v2) o(ws, vs)

SRR IS NI SIS DICIIE DU SV L UL I SV L P
T2 23336 6 6 6 6 6 6 6
11 1 1 1
T+14+14+14+-+-+- 45+ =14
FLHI+ I+ ot ot ot ot g

Hence, S(wiwiﬂ) = 5(’LU5U)1) = 14, 1< < 4.

Case 5: Letn > 7. Let e = ww;.
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Shortest path oe(x,y) | oz, y) E(e)
w), — W 1 1 1
W — uj,w —vi,i = 1,n 1 2 1x4
W] — W3, W, — Wyp—1 1 2 % X 2
w; —wi,4<i1<n—2 1 1 n—2>5
wy — U, W1 — V3,1 =3, — 2 2 3 %xﬁl
wy —uj, w1 —v;,4<i<n-—3 2 2 2(n —6)
U — Ui, U — V5, V] — U, V1 — V5,0 =4, — 2 2 5 %XS
Up, — Ui, U] — Vi, Uy — Ui, V1 — V5,0 =3, N — 3 2 5 %XS
U — Ui, UL — Vi, V1 — Ui, V1 —V;, D <1 <n—3 2 4 %x4(n77)
Up — Ujy Uy — Viy Uy — Ui, Uy — 05,4 < i <n—4 1 2 %x4(n—7)
ul —w, v —w;, i =4,n—1 1 3 3 x4
Ul —w;, v —w;, h<i<n—2 1 2 1 x2(n—6)
Up — Wi, Uy — Wi, 1 =3, — 2 1 3 §><4
Up — Wi, vy — w4 <0 <n—3 1 2 1 x2(n—6)
Hence, &(ww;) = 13812619 11 < j < p,
Let e = wyws.
Shortest path oe(x,y) o(z,y) | Ee)
W1 — Wa, W1 — U, W1 — Vg, W — Up, Wy — U, 1 1 1x5
Wy — U3, W] — V3, W2 — Up—1, W2 — Up—1, W3 — Up, W3 — Uy, | 1 3 %XG
U — Up, Ug — Up, Vg — Up, Vo — Up 1 1 1x4
w) — W3, Wa — Wy, 1 2 %XQ
Wy — U, Wy, — Vo 1 3 %X?
U3 — Uy, U3 — VU, V3 — Unp, V3 — Up, U — Up_1,
U — VUp—1,V2 — Up_1,V3 — Up_1 1 5 %XS

Hence, £(w;w;r1) = E(wiwy,) = %, 1<i<n-1.

Case 6: Letn > 3. Let e = wyuq.
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Shortest path oe(z,y) | oz, y) Ele)
UL — W1, UL — Up, U] — Up, Ul — W,
UL — Up_1,U] — Un_1 1 1 6
u —wi, D <i<n-—2 1 2 %x(n—6)
UL — Wp—1 2 3 %
UL — Wy 1 3 %
UL — Ug, Ul — Vg 2 5 %x?
U] — Up—2,U] — Up—2 3 5 % X 2
Uy — U Ul — 0,5 <i<n—3 2 4 %x?(n—?)
U — W, U] — V1 1 2 %XQ

3
Hence, E(Ulwl) = (‘:(usz_l) = E(wivi) = S(U,”LUZ‘+1) = 7’”, 1 < 1 <n-— 1, and
3n

E(upwy) = E(upwr) = E(vpwy,) = E(vaw) = 5 O

3 Conclusions

EBCM of edges in wheel-related graphs is discussed in this article. A similar study can be
carried out on different classes of graphs, as well as various derived graphs obtained by different
graph operations.
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